Abstract. A graph Γ admitting a group H of automorphisms acting semi-regularly on the vertices with exactly two orbits is called a bi-Cayley graph over H. Such a graph Γ is called normal if H is normal in the full automorphism group of Γ, and normal edge-transitive if the normaliser of H in the full automorphism group of Γ is transitive on the edges of Γ. In this paper, we give a characterisation of normal edgetransitive bi-Cayley graphs, and in particular, we give a detailed description of 2-arc-transitive normal bi-Cayley graphs. Using this, we investigate three classes of bi-Cayley graphs, namely those over abelian groups, dihedral groups and metacyclic p-groups. We find that under certain conditions, 'normal edgetransitive' is the same as 'normal' for graphs in these three classes. As a by-product, we obtain a complete classification of all connected trivalent edge-transitive graphs of girth at most 6, and answer some open questions from the literature about 2-arc-transitive, half-arc-transitive and semisymmetric graphs.
Introduction
In this paper we describe an investigation of edge-transitive bi-Cayley graphs, in which we show that in the 'normal' case, such graphs can be arc-transitive, half-arc-transitive, or semisymmetric, and we exhibit some specific families of examples of each kind. As a by-product of this investigation, we answer two open questions about edge-transitive graphs posed in 2001 by Marušič and Potočnik [42] . Before proceeding, we give some background to this topic, and set some notation.
First, if G is a group acting on a set Ω, then the stabiliser in G of a point α ∈ Ω is the subgroup G α = {g ∈ G | α g = α} of G. The group G is said to be semi-regular on Ω if G α = 1 for every α ∈ Ω, and regular on Ω if G is transitive and semi-regular on Ω.
A graph Γ is called a Cayley graph if it admits a group G of automorphisms acting regularly on its vertex-set V (Γ). In that case, Γ is isomorphic to the graph Cay(G, S) with vertex-set G and edge-set {{g, xg} : g ∈ G, x ∈ S}, where S is the subset of elements of G taking the identity element to one of its neighbours (see [5, Lemma 16.3] ); and then the automorphism group of Γ contains a subgroup R(G) = {R(g) : g ∈ G}, where R(g) is right multiplication (the permutation of G given by R(g) : x → xg for x ∈ G), for each g ∈ G.
If, instead, we require the graph Γ to admit a group H of automorphisms acting semi-regularly on V (Γ) with two orbits, then we call Γ a bi-Cayley graph (for H). In this case, H acts regularly on each of its two orbits on V (Γ), and the two corresponding induced subgraphs are Cayley graphs for H. In particular, we may label the vertices of these two subgraphs with elements of two copies H 0 and H 1 of H, and find that there are subsets R, L and S of H (with |R| = |L|) such that the edges of those two induced subgraphs are of the form {h 0 , (xh) 0 } with h 0 ∈ H 0 and x ∈ R, and {h 1 , (yh) 1 } with h 1 ∈ H 1 and y ∈ L, while all remaining edges are of the form {h 0 , (zh) 1 } with z ∈ S and where h 0 and h 1 are the elements of H 0 and H 1 that represent a given h ∈ H. This gives a concrete realisation of Γ in terms of H, R, L and S.
Conversely, if H is any group, and R, L and S are subsets of H with |R| = |L| such that 1 H ∈ R = R −1
and 1 H / ∈ L = L −1 , then the graph Γ with vertex set being the union H 0 ∪ H 1 of two copies of H and with edges of the form {h 0 , (xh) 0 }, {h 1 , (yh) 1 } and {h 0 , (zh) 1 } with x ∈ R, y ∈ L and z ∈ S, and h 0 ∈ H 0 and h 1 ∈ H 1 representing a given h ∈ H, is a bi-Cayley graph for H. Indeed H acts as a semi-regular group of automorphisms by right multiplication, with H 0 and H 1 as its orbits on vertices. We denote this graph by BiCay(H, R, L, S), and denote the group of automorphisms induced by H on the graph as R(H).
Bi-Cayley graphs, which have sometimes been called semi-Cayley graphs, form a class of graphs that has been studied extensively -as in [3, 10, 15, 20, 21, 24, 25, 26, 28, 33, 35, 36, 37, 38, 39, 40, 45] . Note that some authors label the vertices of a bi-Cayley graph for a group H with ordered pairs (h, i) for h ∈ H and i ∈ {0, 1}, while we are using h i to denote (h, i).
Various well known graphs can be constructed as bi-Cayley graphs. For example, the famous Petersen graph is a bi-Cayley graph over a cyclic group of order 5, and the Gray graph [8] (which is the smallest trivalent semisymmetric graph), is a bi-Cayley graph over a metacyclic group of order 27. Similarly, in Bouwer's answer [9] to Tutte's question [49] about the existence of half-arc-transitive graphs with even valency, the smallest graph in his family is also a bi-Cayley graph over a non-abelian metacyclic group of order 27 . We note that all of these interesting small bi-Cayley graphs are edge-transitive. This motivated us to investigate the class of all edge-transitive bi-Cayley graphs.
Although we know that a bi-Cayley graph Γ = BiCay(H, R, L, S) has a 'large' group of automorphisms, with just two vertex-orbits, it is difficult in general to decide whether a bi-Cayley graph is edge-transitive. It helps to consider the subgroup R(H) of the automorphism group Aut(Γ) induced by H on Γ, and also its normaliser N Aut(Γ) (R(H)). The latter subgroup was characterised in [55] (see Proposition 2.2 in the next section), making it possible to determine whether or not N Aut(Γ) (R(H)) is transitive on the edges of Γ. A bi-Cayley graph Γ = BiCay(H, R, L, S) is called normal if R(H) is normal in Aut(Γ), and normal edge-transitive if N Aut(Γ) (R(H)) is transitive on the edge-set of Γ.
Similarly, we say that a bi-Cayley graph Γ = BiCay(H, R, L, S) is normal locally arc-transitive if the stabilizer (N Aut(Γ) (R(H)) 10 of the 'right' identity vertex 1 0 in N Aut(Γ) (R(H)) is transitive on the neighbourhood of 1 0 in Γ, and normal half-arc-transitive if N Aut(Γ) (R(H)) is transitive on the vertex-set and edge-set of Γ but intransitive on the arc-set of Γ.
These notions generalise the corresponding ones for Cayley graphs, which have also been studied extensively. For example, a Cayley graph Γ = Cay(G, S) is normal edge-transitive if N Aut(Γ) (R(G)) is transitive on the edges of Γ. The study of such graphs was initiated in [46] by Praeger, and they play an important role in the study of edge-transitive graphs (as in [30] , for example).
In this paper, we focus attention on normal edge-transitive bi-Cayley graphs. Our motivation comes partly from the work of Li [29] on bi-normal Cayley graphs. Let Γ = Cay(G, S) be a Cayley graph on a group G, and let R(G) ≤ X ≤ Aut(Γ). Then Γ is said to be X-bi-normal if the maximal normal subgroup x∈X R(G)
x of X contained in R(G) has index 2 in R(G), and if X = Aut(Γ), then Γ is called a bi-normal Cayley graph. Note that by definition, a connected bi-normal Cayley graph Γ = Cay(G, S) is a normal bi-Cayley graph over H = x∈X R(G)
x . In [29, Question 1.2(a)], Li asked whether there exist 3-arc-transitive bi-normal Cayley graphs, and in [29, Problem 1.3(b) ], he asked for a good description of 2-arc-transitive bi-normal Cayley graphs. As we will see later, R = L = ∅ for every connected normal edge-transitive bi-Cayley graph BiCay(H, R, L, S), and hence our first theorem below provides answers to these two questions. Theorem 1.1. Let Γ be a connected bi-Cayley graph BiCay(H, ∅, ∅, S). Then N Aut(Γ) (R(H)) acts transitively on the 2-arcs of Γ if and only if the following three conditions hold : (a) there exists an automorphism α of H such that S α = S −1 , (b) the setwise stabiliser of S \ {1}) in Aut(H) is transitive on S \ {1}, and (c) there exists s ∈ S \ {1} and an automorphism β of H such that S β = s −1 S.
Furthermore, N Aut(Γ) (R(H))
is not transitive on the 3-arcs of Γ.
Next, it is natural to consider the classification of edge-transitive graphs into three distinct types: arc-transitive graphs, half-arc-transitive graphs (which are vertex-and edge-but not arc-transitive), and semisymmetric graphs (which are edge-but not vertex-transitive). We show that there are normal edgetransitive bi-Cayley graphs of each type: Theorem 1.2. If Γ is a normal edge-transitive bi-Cayley graph, then Γ can be either arc-transitive, half-arc-transitive or semisymmetric. Furthermore, infinitely many examples exist in each case.
Note that this contrasts with the situation for Cayley graphs, which are vertex-transitive and therefore cannot be semisymmetric. To prove Theorem 1.2, we need only prove the assertion about the existence of the graphs in each case, and to do that, we consider bi-Cayley graphs over abelian groups, dihedral groups and metacyclic p-groups. Any such graph may be called bi-abelian graph, or a bi-dihedrant, or a bi-p-metacirculant, respectively. In the bi-abelian case, we have the following: Proposition 1.3. Every connected bi-Cayley graph Γ = BiCay(H, R, L, S) over an abelian group is vertex-transitive. Moreover, if Γ is half-arc-transitive, then R ∪ L is non-empty and does not contain any involution, |R| = |L| is even, |S| > 2, and the valency of Γ is at least 6.
We then use this to study trivalent edge-transitive graphs with small girth, motivated by the work of Conder and Nedela [12] and Kutnar and Marušič [27] on classification of connected trivalent arc-transitive graphs of small girth. We obtain the following generalisation, to all connected trivalent edge-transitive graphs of girth 6 (noting that a trivalent edge-transitive graph is either arc-transitive or semisymmetric). Theorem 1.4. All connected trivalent edge-transitive graphs of girth at most 6 are known, and in particular, every connected trivalent semisymmetric graph has girth at least 8.
Trivalent semisymmetric graphs of girth 8 are known to exist, and include the Gray graph; see [13] . Our semisymmetric normal edge-transitive bi-Cayley graphs are constructed from bi-dihedrants. The motivation for us to consider semisymmetric bi-dihedrants is the work of Marušič and Potočnik [42] on worthy semisymmetric tetracirculants. A graph is called tetracirculant if its automorphism group contains a cyclic semi-regular subgroup with four orbits, and a graph is said to be worthy if no two of its vertices have exactly the same set of neighbours. Marušič and Potočnik proposed two questions (Problems 4.3 and 4.9 in [42] ) regarding the existence of worthy semisymmetric tetracirculants. Every bi-dihedrant is a tetracirculant, and an unworthy graph cannot be edge-regular, so our next theorem provides a positive answer to each of those. Theorem 1.5. Every connected semisymmetric bi-dihedrant has valency at least 6, and examples of semisymmetric bi-dihedrants of valency 2k exist for each odd integer k ≥ 3. In particular, there exists a family of edge-regular semisymmetric bi-dihedrants of valency 6.
Next, a bi-p-metacirculant is a bi-Cayley graph over a metacyclic p-group. (A group G is metacyclic if it has a normal subgroup N such that both N and G/N are cyclic.) For example, the smallest graph in a family of edge-transitive graphs constructed by Bouwer [9] is a tetravalent half-arc-transitive bi-Cayley graph over a metacylic group of order 27. This motivated us to consider tetravalent half-arc-transitive bi-p-metacirculants in general, leading to our final theorem below. Theorem 1.6. If Γ is a tetravalent vertex-and edge-transitive bi-Cayley graph over a non-abelian metacyclic p-group H, for some odd prime p, and R(H) is a Sylow p-subgroup of Aut(Γ), then R(H) is normal in Aut(Γ), and so Γ is a normal bi-Cayley graph. Indeed there exist such tetravalent half-arc-transitive bi-p-metacirculants, for every odd prime p.
Using this theorem, a complete classification of tetravalent half-arc-transitive bi-p-metacirculants will be given in [51] . Also when proving Theorem 1.6, we were led to study a general question posed in 2008 by Marušič andŠparl [43, p.368 ] about metacirculants, and we give a positive answer to their question (and point out an error in a paper by Li, Song and Wang [32] that claimed to do the same thing).
Preliminaries
Throughout this paper, groups are assumed to be finite, and graphs are assumed to be finite, connected, simple and undirected. For the group-theoretic and graph-theoretic terminology not defined here, we refer the reader to [6, 50] . We proceed by introducing some basic concepts and terminology.
2.1. Definitions and notation. For a finite, simple and undirected graph Γ, we use V (Γ), E(Γ), A(Γ) and Aut(Γ) to denote the vertex-set, edge-set, arc-set and full automorphism group of Γ, respectively. We let d(u, v) be the distance between vertices u and v in Γ, and let D be the diameter of Γ, which is the largest distance between two vertices in Γ. For any vertex v of Γ, we let Γ(v) be the neighbourhood of v, and more generally, we define Γ i (v) = {u | d(u, v) = i} (the set of vertices at distance i from v), for 1 ≤ i ≤ D. For any subset B of V (Γ), the subgraph of Γ induced by B is denoted by Γ [B] , and the neighbourhood of B in Γ is defined as N Γ (B) = v∈B (Γ(v)) \ B.
For each non-negative integer s, an s-arc in Γ is an ordered (s+1)-tuple (v 0 , v 1 , · · · , v s−1 , v s ) of vertices of Γ such that v i−1 is adjacent to v i for 1 ≤ i ≤ s, and v i−1 = v i+1 for 1 ≤ i ≤ s − 1, or in other words, such that any two consecutive v j are adjacent and any three consecutive v j are distinct. In particular, a 0-arc is a vertex, and a 1-arc is usually called an arc. The graph Γ is said to be s-arc-transitive if Aut(Γ) is transitive on the set of all s-arcs in Γ. In particular, 0-arc-transitive means vertex-transitive, and 1-arc-transitive means arc-transitive, or symmetric. Similarly, Γ is s-arc-regular if Aut(Γ) acts regularly (sharply-transitively) on the set of all s-arcs in Γ. In particular, Γ is 1-arc-regular, or simply arc-regular, if given any two arcs of Γ, there exists a unique automorphism of Γ taking one arc to the other.
A graph Γ is edge-transitive or edge-regular if Aut(Γ) acts transitively or regularly on E(Γ), respectively, and Γ is semisymmetric if Γ has constant valency and is edge-but not vertex-transitive, while Γ is halfarc-transitive if Γ is vertex-transitive and edge-transitive but not arc-transitive.
We use C n to denote the multiplicative cyclic group of order n, and Z n for the ring of integers mod n, and Z * n for the multiplicative group of units mod n (the elements coprime to n in Z n ). Also we use D n , A n and S n respectively for the dihedral, alternating and symmetric groups of degree n. For two groups M and N , we use N ⋊ M to denote a semi-direct product of N by M (with kernel N and complement M ). Finally, for a subgroup H of a group G, we denote by C G (H) and N G (H) respectively the centraliser and normaliser of H in G, and for a permutation group G on a set Ω, we let G (∆) and G ∆ be respectively the pointwise and setwise stabiliser of a subset ∆ of Ω.
2.2.
Basic properties of bi-Cayley graphs. In this subsection, we let Γ be a connected bi-Cayley graph BiCay(H, R, L, S) over a group H. It is easy to prove some basic properties of such a Γ, as in [55] : Proposition 2.1. The following hold for any connected bi-Cayley graph BiCay(H, R, L, S) :
(a) H is generated by R ∪ L ∪ S; (b) S can be chosen to contain the identity of H (up to graph isomorphism);
We will say the triple (R, L, S) of subsets of H is a bi-Cayley triple if R = R −1 , L = L −1 and 1 ∈ S, and we will say that the two bi-Cayley triples (R, L, S) and (R ′ , L ′ , S ′ ) for the same group H are equivalent, and write (R,
α for some automorphism α of H. Note that by parts (c) and (d) of Proposition 2.1, the bi-Cayley graphs for any two equivalent bi-Cayley triples are isomorphic. Now we consider the automorphisms of the bi-Cayley graph Γ = BiCay(H, R, L, S). Recall that H acts as a semi-regular group of automorphisms of Γ by right multiplication, with H 0 and H 1 as its orbits on vertices. Indeed each g ∈ H induces an automorphism R(g) of Γ given by h R(g) i = (hg) i for i ∈ {0, 1} and h ∈ H, and then R(H) = {R(g) | g ∈ H} ≤ Aut(Γ). Next, for any automorphism α of H and any elements x, y, g ∈ H, we may define two permutations δ α,x,y and σ α,g on V (Γ) = H 0 ∪ H 1 as follows:
and then define
With the above notation, the proposition below is easy to prove.
Proposition 2.2. [55, Theorem 1.1] Let Γ = BiCay(H, R, L, S) be a connected bi-Cayley graph over the group H. Then N Aut(Γ) (R(H)) = R(H) ⋊ F if I = ∅, and N Aut(Γ) (R(H)) = R(H) F, δ α,x,y if I = ∅ and δ α,x,y ∈ I. Moreover, for every δ α,x,y ∈ I the following hold : (a) R(H), δ α,x,y acts transitively on V (Γ), and (b) if α has order 2 and x = y = 1, then Γ is isomorphic to the Cayley graph Cay(H ⋊ α , R ∪ αS).
3. General theory on normal edge-transitive Cayley graphs 3.1. General properties. We begin this section with the following lemma, which shows that every normal edge-transitive bi-Cayley graph is bipartite.
Lemma 3.1. Let Γ = BiCay(H, R, L, S) be a connected normal edge-transitive bi-Cayley graph over the group H. Then R = L = ∅, and hence Γ is bipartite, with the two orbits of R(H) on V (Γ) as its parts.
Proof. Let X = N Aut(Γ) (R(H)), which is edge-transitive on Γ. Now suppose R = ∅. Then {1 0 , r 0 } is an edge of Γ, for some r ∈ R, and by edge-transitivity of X on Γ, we know that some element g ∈ X takes {1 0 , 1 1 } to {1 0 , r 0 }. Also H 0 is an orbit of R(H), and R(H) is normal in X, and therefore H 0 is a block of imprimitivity for X on V (Γ). But then since 1 
, and hence X does not act transitively on the 3-arcs of Γ.
Proof. By Proposition 2.2, we know that X 10 = σ α,s | α ∈ Aut(H), s ∈ S, S α = s −1 S , and hence that
. Next, if X acts transitively on the 3-arcs of Γ, then X 1110s1 acts transitively on Γ(1 1 )\ {1 0 }, for some s ∈ S \ {1}. But for any σ α,1 ∈ X 1110s1 , we have s 1 = s Proof. The first assertion is obvious, so now suppose that Γ is normal locally arc-transitive. Then all we have to do is prove that X acts transitively on the arcs of Γ if and only if S α = S −1 for some α ∈ Aut(H). If X acts transitively on the arcs of Γ, then there exists δ α,x,y ∈ I such that (1 0 , 1 1 ) δα,x,y = (1 1 , 1 0 ), and
δα,x,y 1 = (y · 1 α ) 0 = y 0 , and it follows that x = y = 1, so δ α,1,1 ∈ I, and therefore S α = S −1 (by (2.2)). Conversely, if S α = S −1 for some α ∈ Aut(H), then δ α,1,1 takes s 0 to (s −1 ) 1 , and it follows that X is vertex-transitive on Γ, and therefore arc-transitive on Γ.
Recall that if a connected Cayley graph Γ = Cay(G, S) on a group G is bi-normal and arc-transitive, then Γ is a normal arc-transitive bi-Cayley graph over H = x∈X R(G)
x . Conversely, by Propositions 3.3 and 2.2, every arc-transitive normal bi-Cayley graph must be a Cayley graph. On the other hand, an arc-transitive normal bi-Cayley graph is not necessarily a bi-normal Cayley graph.
We can now prove our first main theorem.
Proof of Theorem 1.1. For necessity, suppose that X = N Aut(Γ) (R(H)) acts transitively on the 2-arcs of Γ. Then X acts acts transitively on the arcs of Γ, and so (a) holds, by Proposition 3.3. Also X 1011 acts transitively on Γ(1 0 ) \ {1 1 }, and since X 1011 = σ a,1 | α ∈ Aut(H, S) by Lemma 3.2, it follows that for all s, t ∈ S \ {1}, there exists σ α,1 ∈ X 1011 such that t 1 = s
, and so t = s α . Thus Aut(H, S \ {1}) is transitive on S \ {1}, proving (b). Furthermore, for any s ∈ S \ {1} there exists σ β,s ∈ X 10 such that 1 σ β,s 1 = s 1 , and then since σ β,s ∈ X 10 = F, we must have S β = s −1 S, so (c) holds. For sufficiency, suppose the conditions (a) to (c) hold. Then by (a) and Proposition 2.2, we find that X is vertex-transitive on Γ, and by (b) and (c), we find that X 10 is 2-transitive on Γ(1 0 ). Thus X acts transitively on the 2-arcs of Γ. Proof. Suppose X acts transitively on the vertices and edges but not on the arcs of Γ. Then for any s ∈ S, we have X 10s1 = X {10,s1} , so |X : δα,x,1 = (x 0 , 1 1 ), and then {1 0 , (gh) 1 } σδα,x,1 = {1 0 , 1 1 }, so again, {h 0 , g 1 } lies in the same orbit of X as {1 0 , 1 1 }. Thus X is edge-transitive on Γ.
Here we remark that in contrast to normal arc-transitive bi-Cayley graphs, normal half-arc-transitive bi-Cayley graphs may be non-Cayley; see Section 7.
Edge-transitive bi-abelian graphs
In this section, we prove Proposition 1.3. We do this in two steps. Proposition 4.1. Let Γ = BiCay(H, R, L, S) be a connected bi-Cayley graph over an abelian group H. Then the following hold :
where α is the automorphism of H that maps every element of H to its inverse.
Proof. Suppose R = L = ∅. Since H is abelian, there exists an automorphism α of H such that α maps every element of H to its inverse, and in particular, S α = S −1 . It then follows from Proposition 2.2 that δ α,1,1 is an automorphism of Γ of order 2 interchanging H 0 and H 1 , and R(H)⋊ δ α,1,1 is regular on V (Γ), which proves (a). Next, for (b), suppose Γ is edge-but not vertex-transitive. Then Γ is semisymmetric, and hence bipartite, with its parts being the two orbits of Aut(Γ) on V (Γ). It follows that H 0 and H 1 are two partition sets of Γ, and so R = L = ∅, but then by (a), Γ is vertex-transitive after all, contradiction. Thus Γ is vertex-transitive. Proof. Again let α be the automorphism of Γ that takes every element of H to its inverse. If R = L = ∅, then by Proposition 1.3, δ α,1,1 ∈ Aut(Γ) and ( 
, which again implies that Γ is arc-transitive, contradiction. Similarly, L does not contain an involution. This proves (a). Moreover, because R = R −1 and L = L −1 , it also implies that |R| = |L| is even. Next, since Γ is half-arc-transitive, the valency |Γ(1 0 )| = |R| + |S| is even, and so |S| is even, and therefore |S| ≥ 2. Also by half-arc-transitivity, Aut(Γ) 10 has two orbits on Γ(1 0 ) of equal size, say B 1 and B 2 , with r 0 and (r −1 ) 0 being in different orbits, for any r ∈ R. It follows that half of the elements of R are contained B 1 , and half are in B 2 . But now suppose |S| = 2, say S = {1, s}. Then since |B 1 | = |B 2 | = (|R| + |S|)/2 = |R|/2 + 1, the other two neighbours 1 1 and s 1 of 1 0 must lie in different orbits of Aut(Γ) 10 . On the other hand, it is easy to check that σ α,s ∈ Aut(Γ) 10 takes 1 1 to s 1 , contradiction. Hence |S| > 2, which proves (b). Finally, this implies that the valency |R| + |S| of Γ is at least 2 + 4 = 6, proving (c).
In fact, 6 is the minimum valency of all connected half-arc-transitive bi-Cayley graphs over an abelian group, and is achieved by the following example:
Then Γ has valency 6, and an easy computation using Magma [7] shows that Γ is half-arc-transitive, with Aut(Γ) ∼ = (C 7 × Q 8 ) ⋊ C 3 , where Q 8 is the quaternion group.
To complete this section, we give two easy corollaries of the above two propositions. 
Proof. By Proposition 4.1, we know that Γ is an arc-transitive Cayley graph over the group R(H)⋊ δ α,1,1 , which is dihedral of order 2n. It then follows from a theorem in [41] on Cayley graphs over dihedral groups that n = 2 or 4, or n | k 2 + k + 1 for some k ∈ Z * n . If n = 2 or 4, then Γ is isomorphic to the complete graph K 4 or the cube graph Q 3 , while if n = 3 or 7 then Γ is isomorphic to the complete bipartite graph K 3,3 or the Heawood graph, and in all other cases (with k ≥ 3 and n ≥ 13), Γ is 1-arc-regular.
Trivalent edge-transitive graphs with girth at most 6
The aim of this section is to give a classification of all connected trivalent edge-transitive graphs with girth 6, and to prove Theorem 1.4. We achieve this in two stages, the first being a special case, and the second the general case.
Trivalent normal edge-transitive bi-abelian graphs.
We begin by defining a family of connected trivalent edge-transitive bi-abelian graphs.
Let n and m be any two positive integers with nm 2 ≥ 3. If n = 1 take λ = 0, while if n > 1 take
, then X acts transitively on the 2-arcs of Γ m,n,λ , while (b) if n > 3, then X acts transitively on the arcs but not on the 2-arcs of Γ m,n,λ .
Moreover, if nm 2 > 4 then Γ m,n,λ has girth 6.
Proof. First, there exists an automorphism α of H m,n that takes (x, y) to (x λ−1 y, x
n since λ(λ − 1) ≡ −1 mod n, and so x λ−1 y has order m 1 n for some m 1 dividing m. It follows that x (λ−1)m1n = 1 = y m1n , so that mn divides m 1 n(λ − 1) and m divides m 1 n, and then m m1 divides λ− 1 and n, and hence divides GCD(λ− 1, n) = 1, so m = m 1 . Thus x λ−1 y has order mn.
Similarly, x −(λ 2 −λ+1) y λ has order k for some k dividing m (since λ 2 − λ + 1 ≡ 0 mod n), and then because Note also that {1, x,
λ y}, so that α acts like left multiplication by x −1 on the set S = {1, x, x λ y}. It follows that σ α,x is an automorphism of Γ m,n,λ that fixes 1 0 , takes 1 1 to x 1 , and x 1 to (xx α ) 1 = (x λ y) 1 , and (x λ y) 1 to 1 1 . In particular, σ α,x fixes the vertex 1 0 and induces a 3-cycle on its neighbours, so Γ m,n,λ is locally arctransitive. Moreover, there exists an automorphism of H that inverts every element, since H is abelian, and hence by Proposition 3.3, we find that Γ m,n,λ is arc-transitive.
Next, if n ≤ 3, then since n divides λ 2 − λ + 1, we have n = 1 or 3, and moreover, if n = 1 then λ = 0, while if n = 3 then λ = 2. In both cases it is easy to check that there is an automorphism β of H m,n taking (x, y) to (x λ y, x 1−λ 2 y −λ ). This automorphism swaps x with x λ y, and so by Theorem 1.1, the group X acts transitively on the 2-arcs of Γ m,n,λ . Conversely, suppose X acts transitively on the 2-arcs of Γ m,n,λ . Then there exists β ∈ Aut(H m,n ) such that β swaps x with x λ y, so swaps x m with x mλ , and it follows that λ 2 ≡ 1 mod n. Then since λ 2 − λ + 1 ≡ 0 mod n, we find that λ ≡ 2 mod n, and so 0 ≡ λ 2 − λ + 1 ≡ 4 − 2 + 1 ≡ 3 mod n, which implies that n ≤ 3. Finally, we consider the girth of Γ m,n,λ , which is even, since Γ m,n,λ is bipartite. In all cases, Γ m,n,λ contains a 6-cycle, namely
, and so its girth is at most 6. On the other hand, if the girth is at most 4, then it is one of the two connected trivalent arc-transitive graphs of girth 4, namely the complete bipartite graph K 3,3 or the cube graph Q 3 (see [14] ). These are the graphs that occur in the cases (m, n, λ) = (1, 3, 2) and (2, 1, 0) respectively, and are also the only cases with order at most 8, and hence with nm Proof. Let X = N Aut(Γ) (R(H)). Then by Proposition 3.3, Γ(1 0 ) is an orbit of X 10 , so there exists α ∈ Aut(H) and a ∈ H such that σ α,a cyclically permutes the three neighbours of 1 0 in Γ, and it follows that S = {1, a, aa
Hence in particular, a and b have the same order. Also by connectedness of Γ, we have
, and it follows that b m = a λm for some λ ∈ Z * n when n > 1, or with λ = 0 when n = 1. Moreover, we have
and therefore λ 2 − λ + 1 ≡ 0 mod n (because a has order nm). Finally, letting x = a and y = a −λ b, we have H = a, b = x × y , with S = {1, a, b} = {1, x, x λ y}, and thus Γ ∼ = Γ(m, n, λ).
5.2.
Trivalent edge-transitive graphs with small girth. In this subsection, we use Proposition 4.1 to study trivalent edge-transitive graphs with girth at most 6, and prove Theorem 1.4. This is partially motivated by the work in [14] and [27] on the classification of trivalent arc-transitive graphs of small girth. A natural question is whether there exists a trivalent semisymmetric graph of girth at most 6. We will show that the answer is negative. First, we prove the following:
Lemma 5.3. Let Γ be a connected trivalent edge-transitive graph of girth 6, and let A = Aut(Γ). If c is the number of 6-cycles passing through an edge in Γ, then c = 2, 4, 6, or 8. Moreover,
, then Γ is isomorphic to the Heawood graph, the Pappus graph, the generalised Petersen graph P (8, 3), or the generalised Petersen graph P (10, 3), with c = 8, 4, 6 or 4 respectively.
Proof. Let u be any vertex of Γ. Since every 6-cycle passing through u uses two of the three edges incident with u, and every edge lies in c 6-cycles, the number of 6-cycles through u is b = 3c/2. In particular, this is independent of u, and c is even. Also because Γ has valency 3 and girth 6, it is easy to see that there are at most eight 6-cycles passing through an edge of Γ, and so c = 2, 4, 6 or 8 (and b = 3, 6, 9 or 12). Similarly, if x is a vertex at distance 3 from u, then there are at most three 6-cycles passing through both u and x, and |Γ(x) ∩ Γ 2 (u)| is at most 3. Moreover, if |Γ(x) ∩ Γ 2 (u)| = 3, then we know from [54, Lemma 4.6] that Γ is isomorphic to the Heawood graph or the generalised Petersen graph P (8, 3). For these two graphs, we have c = 8 and 6 respectively, and from now on, we may suppose that |Γ(x) ∩ Γ 2 (u)| ≤ 2 for every vertex x ∈ Γ 3 (u). In particular, since there are 2|Γ 2 (u)| = 12 edges between Γ 2 (u) and Γ 3 (u), under the latter assumption we find that b ≤ 6, and so c ≤ 4. Now suppose c = 4. Then b = 6, and also |Γ 3 (u)| = 6, with every vertex in Γ 3 (u) adjacent to two of the vertices in Γ 2 (u), so |Γ(x) ∩ Γ 2 (u)| = 2 for every x ∈ Γ 3 (u). Note that this holds for every vertex u. Next, let y ∈ Γ 4 (u). If we choose v ∈ Γ(u) such that y ∈ Γ 4 (u) ∩ Γ 3 (v), so that v is a neighbour of u on some path of length 4 from u to y, then |Γ(y) ∩ Γ 2 (v)| = 2, and in particular, |Γ(y) ∩ Γ 3 (u)| ≥ 2. Then since each vertex in Γ 3 (u) is adjacent to just one vertex in Γ 4 (u), while each vertex in Γ 4 (u) is adjacent to two vertices in Γ 3 (u), it follows that |Γ 4 (u)| ≤ 3.
Next, if |Γ(y) ∩ Γ 3 (u)| = 3 then |Γ 4 (u)| = 2, with both vertices in Γ 4 (u) having three neighbours in Γ 3 (u), so Γ has diameter 4, with |V (
Then by what we know about edge-transitive trivalent graphs of small order from [12, 13] , we find that Γ is isomorphic to the Pappus graph. On the other hand, if |Γ(y) ∩ Γ 3 (u)| = 2 for all y ∈ Γ 4 (u), then there are at most three edges from Γ 4 (u) to Γ 5 (u), so |Γ 5 (u)| ≤ 3. But also if z ∈ Γ 5 (u) then the same argument as above shows that |Γ(z) ∩ Γ 4 (u)| ≥ 2, and it follows that |Γ 5 (u)| = 1 and |Γ(z) ∩ Γ 4 (u)| = 3. Hence in this case Γ has diameter 5, with
and then from [12, 13] we find that Γ is isomorphic to the generalised Petersen graph P (10, 3). (Note: the only other edge-transitive trivalent graph of order 20 is the dodecahedral graph, which has girth 5.)
Finally, suppose c = 2. Then b = 3, and by edge-transitivity, each of the three neighbours of u lies in two of the three 6-cycles passing through u, and each 2-arc of the form (v, u, w) lies in exactly one of them. The same holds at any neighbour of u, and it follows that each of six vertices in Γ 2 (u) lies in exactly one of the three 6-cycles through u. Also just three of the vertices in Γ 3 (u) lie on these cycles, and are then adjacent to two vertices in Γ 2 (u), while all other vertices in Γ 3 (u) are adjacent to a single vertex in Γ 4 (u). Since there are 2|Γ 2 (u)| = 12 edges between Γ 2 (u) and Γ 3 (u), we find that |Γ 3 (u)| = 6/2 + 6 = 9, and the induced subgraph on {u} ∪ Γ(u) ∪ Γ 2 (u) ∪ Γ 3 (u) is as shown in Figure 1 . Now from Figure 1 (or the argument leading to it) we see that any automorphism in A = Aut(Γ) that fixes u and each of its three neighbours must fix all the vertices of each of the three 6-cycles passing through u, and hence fixes every vertex of Γ 2 (u). Hence A (u∪Γ(u)) = A (u∪Γ(u)∪Γ2(u)) for every u ∈ V (Γ). By connectedness and induction, it follows that A (u∪Γ(u)) fixes every vertex of Γ, and is therefore trivial. In particular, A u acts faithfully on Γ(u), and so by edge-transitivity, A u ∼ = C 3 or S 3 . Moreover, if w is any neighbour of u, then |A u | = 3|A uw | = |A w |, and thus either
The above lemma helps us to find all trivalent edge-transitive graphs of girth 6, as follows.
Proposition 5.4. Let Γ be a connected trivalent edge-transitive graph of grith 6. Then either Γ ∼ = Γ m,n,λ with nm 2 > 9 (as defined in (5.1)), or Γ is isomorphic to the Heawood graph, the Pappus graph, the generalised Petersen graph P (8, 3), or the generalised Petersen graph P (10, 3). In particular, in all cases, the graph Γ is arc-transitive.
Proof. Let A = Aut(Γ). First we show that Γ is bipartite. If Γ is arc-transitive, then this follows from [18, Corollary 6.3] or from what was proved for girth 6 in [14] , while if Γ is not arc-transitive, then Γ is semisymmetric and hence bipartite. Moreover, A = Aut(Γ) acts transitively on each part of Γ. Next, let {u, v} ∈ E(Γ), and take B = A u , A v . Then B is edge-but not vertex-transitive on Γ, and by edge-transitivity, we have |A u : A uv | = 3 = |A v : A uv |. If there are more than two 6-cycles passing through {u, v} in Γ, then by Lemma 5.3(b), we know that Γ is isomorphic to the Heawood graph, the Pappus graph, P (8, 3) or P (10, 3), all of which are arc-transitive.
From now on, we will suppose that there are exactly two 6-cycles passing through {u, v}, and hence (by Lemma 5.3(a)) that
Under this assumption, it follows that if Γ is arc-transitive, then A is a quotient of one of the Djoković-Miller amalgams 1 ′ or 2 ′ and 2 ′′ from [16] used in [12] and [14] , while if Γ is semisymmetric then A is a quotient of one of the Goldschmidt amalgams G 1 and G 1 1 from [23] used in [13] . In particular, A can be obtained from one of those amalgams by adding extra relations to their defining presentations, to force a circuit of length 6 in the resulting graph.
When Γ is arc-transitive, we find more specifically from [14] that for girth 6 the amalgam 2 ′′ can be eliminated, and furthermore, that if
, with the image of h and generating A u , and the image of h
, with the images of h and p and generating A u , and the images of h a and p a (= p) generating A v . In both cases, the elements h and k = h a satisfy the relations h 3 = k 3 = (hk) 3 = 1, and their images generate a subgroup of A (of index 2 or 4) that acts transitively on each part of Γ.
On the other hand, when Γ is semisymmetric, we can perform the same kind of analysis as carried out in [14] for the case of girth 6.
If
, with the images of h and k generating A u and A v , and having girth 6 implies that some further relation w = 1 is satisfied, where w = w(h, k) is a word of length 6 in the generators h and k. Without loss of generality,
with r i = ±1 and s i = ±1 for 1 ≤ i ≤ 3, and then an easy computation using Magma [7] shows that every such relation forces the quotient to have order at most 24, except in the cases where w = (hk)
But we know from [13] that a semisymmetric trivalent graph has order at least 54 and hence at least 81 edges, so |A| ≤ 24. Also we can replace each of h and k by its inverse, and so we may conclude that w = (hk) 3 , and again we have elements h and k satisfying the relations
with A u and A v being the images of h, p and k, p , and in this case girth 6 implies that some relation of the form w = 1 or w = p is satisfied, where w is as above. Here the analogous Magma computation shows that there are only four such relations that produce a quotient of order greater than 60, namely (hk) 3 = 1 and the others obtainable by replacing h and/or k by their inverses.
Hence in all cases, whether Γ is arc-transitive or semisymmetric, A = Aut(Γ) contains two elements h and k that fix the vertices u and v and induce 3-cycles on Γ(u) and Γ(v), respectively, and satisfy the relations h 3 = k 3 = (hk) 3 = 1. Also it is clear that the subgroup L generated by h and k is edge-transitive, with two orbits on vertices of Γ (namely the two parts of Γ), and has index at most 2 in B = A u , A v ; indeed B = h, k or h, k, p in each of the above cases. Now let J be the subgroup of L = h, k generated by x = hkh and y = hk −1 . Then J is normal in L, because
and it follows that also J is abelian, since y
and therefore L/J = Jh, Jk = Jh , and then since h has order 3 it follows that |L/J| = 1 or 3. On the other hand, if L = J then L is abelian so h commutes with k and therefore the edge-transitive group L = h, k has order at most 9, which is impossible since Γ has girth 6. Hence |L : J| = 3. In particular, h ∈ J and k ∈ J, so J is complementary to each of L u = h and L v = k in L, and it follows that J acts semi-regularly on V (Γ), with two orbits, namely the two parts of Γ. Thus Γ is a bi-Cayley graph over the abelian group J.
But furthermore, we can show that J is normal in A = Aut(Γ), in all cases. For if Γ is semisymmetric and
On the other hand, if Γ is arc-transitive and A u ∼ = A v ∼ = C 3 , then A = h, a for some involution a conjugating h to k, and then
while if Γ is arc-transitive and
and y p = x −1 y. Thus Γ is a normal bi-Cayley graph over the abelian group J. We can now apply Proposition 5.2, which tells us that Γ is isomorphic to Γ m,n,λ for some m, n, λ with λ 2 − λ + 1 ≡ 0 mod n. Hence in particular, Γ is arc-transitive. Finally, if nm 2 ≤ 9 then it is easy to see that (n, m) = (3, 1), (7, 1), (1, 2), or (1, 3). Also if (n, m) = (3, 1) or (1, 2), then Γ m,n,λ ∼ = K 3,3 or Q 3 , each of which has girth 4, while if (n, m) = (7, 1) or (1, 3), then Γ m,n,λ is isomorphic to the Heawood graph or Pappus graph, which do not satisfy our assumption on the number of 6-cycles through an edge. Thus nm 2 > 9, completing the proof.
We can now prove Theorem 1.4, showing that all trivalent edge-transitive graphs of girth at most 6 are known, and are arc-transitive.
Proof of Theorem 1.4. The arc-transitive trivalent graphs of girth less than 6 are known (see [14] or [27] ), and by [52, Lemma 4.1], there is no semisymmetric trivalent graph of girth less than 6, and Proposition 5.4 gives all trivalent edge-transitive graphs of girth exactly 6, with none being semisymmetric.
Edge-transitive bi-dihedrants
In this section, we investigate edge-transitive bi-dihedrants (that is, bi-Cayley graphs over dihedral groups). We will show there are no semisymmetric bi-dihedrants of valency at most 5, and on the other hand, by considering normal edge-transitive bi-dihedrants, that there exist semisymmetric bi-dihedrants of valency 2k for every odd integer k > 1. Also we give a characterisation of 6-valent edge-regular semisymmetric bi-Cayley graphs over a dihedral group D n of odd degree n. In turn, this enables us to answer two questions proposed in 2001 by Marušič and Potočnik on semisymmetric tetracirculants [42] .
6.1. The smallest valency of semisymmetric bi-dihedrants. The aim of this subsection is to prove the following theorem.
Theorem 6.1. Let Γ = BiCay(H, R, L, S) be a connected semisymmetric bi-Cayley graph over a dihedral group H = a, b | a n = b 2 = (ab) 2 = 1 ∼ = D n (for some n ≥ 3). Then the valency of Γ is at least 6.
Proof. First, Γ is bipartite, and its two parts are the orbits of both A = Aut(Γ) and its subgroup of H on V (Γ). It follows that R = L = ∅. By Proposition 2.1(b), we may assume that 1 ∈ S, and since Γ is not vertex-transitive, we find by Proposition 2.2 that there is no automorphism of H mapping S to S −1 . It follows that S \ {1} cannot consist entirely of involutions, and so S must contain at least one element of order greater than 2. On the other hand, as Γ is connected, S must contains at least one element of the form ba i (with i ∈ Z n ), and then by replacing b by ba i if necessary, we may suppose that i = 0 and hence that S contains b. If, however, this is the only involution in S, then all other elements of S are powers of s, and so the automorphism of H taking (a, b) to (a −1 , b) inverts every element of S, so takes S to S −1 , which is impossible. Similarly, if S contains just one other involution of the form ba j (with j ∈ Z n ), then the automorphism of H taking (a, b) to (a −1 , ba j ) swaps the involutions b and ba j and inverts every other element of S, and so takes S to S −1 , which again is impossible. Hence S contains at least three involutions, as well as an element of order greater than 2. In particular, the valency |S| of Γ is at least 5.
To complete the proof, we need only show that |S| cannot be 5. So we assume the contrary. Then we know that S = {1, b, ba i , ba j , a k } where 0 < i < j < n, and a k is not an involution.
implies that i ≡ −j mod n, and j ≡ 2i mod n, and i ≡ 2j mod n.
We proceed by considering the number of cycles of length 4 through a given edge, which by edgetransitivity of Γ must be a constant.
Up to reversal, there are either three or six 4-cycles through the edge {1 0 , 1 1 }, namely the three of the form (1 0 , 1 1 , x 0 , x 1 ) for x ∈ {b, ba i , ba j }, plus
Note that no two of the above six congruences involving k can occur simultaneously, by the restrictions we have on i, j and k. Hence up to reversal, the number of 4-cycles through any given edge is 3 or 6.
Next, up to reversal the 4-cycles through
It follows that the number of 4-cycles through {1 0 , b 1 } is not 3 or 6, unless 0 ≡ 2i or 2j mod n and k ≡ ±(i − j) mod n.
But now suppose 2i ≡ 0 mod n and k ≡ ±(i − j) mod n. Then n is even, and i ≡ n 2 mod n, and up to reversal the 4-cycles through {1 0 , (ba
Hence the number of 4-cycles through the edge {1 0 , (ba j ) 1 } is 2 or 5, contradiction. The same holds when the roles of i and j are reversed, and so this completes the proof.
6.2.
A class of normal edge-transitive bi-dihedrants. In this subsection, we construct a class of normal edge-transitive bi-Cayley graphs over dihedral groups of degree 5 or more, and thereby prove there exists a semisymmetric bi-dihedrant of valency 2k for every odd integer k ≥ 3.
Example 6.2. Let n and k be integers with n ≥ 5 and k ≥ 2, such that there exists an element λ of order 2k in Z * n such that
Now let H the dihedral group D n = a, b | a n = b 2 = (ab) 2 = 1 of degree n, and for each i ∈ Z k , let
and then define Γ(n, λ, 2k) as the 2k-valent bi-Cayley graph BiCay(H, ∅, ∅, S) over H, where
It is easy to see that Γ(n, λ, 2k) contains the 2n-cycles (1 0 , a 1 , a 0 , (a 2 ) 1 , (a 2 ) 0 , . . . , (a n−1 ) 1 , (a n−1 ) 0 , 1 1 ) and
, and the edge (1 0 , b 1 ), so Γ(n, λ, 2k) is connected. Also it is easy to see that |S| = 2k, and c k−1 ≡ d k−1 ≡ 0 mod n, and 1 + λd i ≡ c i+1 mod n for all i ∈ Z k . Next let α be the automorphism of H that takes (a, b) to (a λ , ba). Then S α = bS, and σ α,b is an automorphism of Γ(n, λ, 2k) that fixes the vertex 1 0 and cyclically permutes the 2k neighbours of 1 0 ; indeed σ α,b takes (a ci ) 1 to (ba
Hence in particular, this shows that Γ(n, λ, 2k) is normal edge-transitive.
The following natural problem arises.
Problem A Determine which of the graphs Γ(n, λ, 2k) are semisymmetric.
We will give some partial answers to this problem, in the situation where λ k ≡ −1 mod n.
Proposition 6.3. If k is even and λ k ≡ −1 mod n, then Γ(n, λ, 2k) is arc-transitive.
Proof. Let β be the automorphism of H taking (a, b) to (a
Hence the automorphism β takes the set S = S(n, λ, 2k) to S −1 , and so by Proposition 2.2, we find that Γ(n, λ, 2k) is vertex-transitive, and therefore arc-transitive.
Proposition 6.4. If k is odd and λ
Then since k is odd and λ k ≡ −1 mod n, we have
, which cyclically permutes the 2k neighbours of 1 0 , and it follows that those 2k neighbours of 1 0 are also the 2k neighbours of (ba ℓ ) 0 . Before proceeding, we note that since 1 + λ ≡ ℓ mod n, we also have
and therefore 2ℓ(1 − λ)
Next, let B be the set of all vertices of Γ having the same neighbourhood as 1 0 . Note that B contains both 1 0 and (ba ℓ ) 0 , and therefore |B| ≥ 2. We claim that B is a block of imprimitivity for Aut(Γ) on V (Γ). To see this, note that if σ ∈ Aut(Γ) then all vertices of B σ must have the same neighbourhood (since the same holds for vertices in B), and hence if B ∩ B σ = ∅, then every vertex in B σ has the same neighbourhood as 1 0 , so B σ ⊆ B and this gives B σ = B. Hence in particular, B is a block of imprimitivity for R(H) ≤ Aut(Γ) on H 0 , and so H B = { x ∈ H | x 0 ∈ B } is a subgroup of H, with order |H B | = |B| because R(H) acts regularly on H 0 . But also B ⊆ Γ(1 1 ), and so B is a block of imprimitivity for Aut(Γ) 11 on Γ(1 1 ) as well. Hence |B| divides |Γ 1 (1 1 )| = 2k. Moreover, B contains (ba ℓ ) 0 , so H B contains the involution ba ℓ , and hence H B is dihedral, of order |H B | = |B| = 2j for some j dividing k. Now suppose that Γ is vertex-transitive. Then some automorphism θ of Γ takes 1 0 to 1 1 , and it follows that C = B θ is the set of all vertices of Γ having the same neighbourhood as 1 1 , and C is a a block of imprimitivity for Aut(Γ) 10 on Γ(1 0 ), and the subgroup H C = { y ∈ H | y 1 ∈ C } of H is dihedral, of order |C| = |B| = 2j. In particular, since the automorphism σ α,b fixes 1 0 and cyclically permutes the 2k neighbours of 1 0 , the block C is preserved by σ On the other hand, consider the automorphism τ = σ α,b R(b). This takes h 1 to (bh α b) 1 for all h ∈ H, and so its effect on H 1 is the same as the permutation induced by the automorphism ψ of H that takes a to
In particular, τ fixes 1 1 , and so τ preserves C (the set of all vertices of Γ having the same neighbourhood as 1 1 ), and ψ preserves H C . It follows that H C contains (ba ℓ ) ψ = ba −1−λℓ = ba −ℓ , and hence also (ba −ℓ ) −1 ba ℓ = a 2ℓ , and hence also (a 2ℓ ) 1−λ = a 2ℓ(1−λ) = a 2 , because (1 − λ)2ℓ ≡ 2 mod n. But H C has order 2j, which divides 2k and hence divides |Z * | = φ(n), and so |H C ∩ a | = j ≤ k ≤ φ(n)/2 < n/2. Thus a 2 cannot lie in H C , and which is a contradiction.
Remarks:
We believe that the hypothesis λ k ≡ −1 mod n in Proposition 6.4 is not actually required, and that Proposition 6.4 can be extended to all cases other than those covered by Proposition 6.3. In other words, we believe that Γ(n, λ, 2k) is arc-transitive if and only if k is even and λ k ≡ −1 mod n. Furthermore, we believe that if λ k ≡ −1 mod n, then the graph Γ = Γ(n, λ, 2k) is not just semisymmetric, but edge-regular (or equivalently, the stabiliser in Aut(Γ) of any edge is trivial). This certainly holds in all cases where n ≤ 300, such as (n, λ, k) = (21, 2, 3), (68, 9, 4) or (35, 2, 6) , as shown by a computation using Magma [7] . In the next subsection, we will prove it holds whenever k = 3.
6.3. The case k = 3. By Theorem 6.1, every semisymmetric bi-dihedrant has valency at least 6, and therefore 3 is the smallest possible value of k of interest in this section. Also by Proposition 6.4, we know that when k = 3 the graph Γ(n, λ, 6) is semisymmetric if λ 3 ≡ −1 mod n. In this subsection, we prove that Γ(n, λ, 6) is edge-regular (and therefore semisymmetric) whenever λ 3 ≡ −1 mod n, and this gives a complete solution for Problem A in the case k = 3.
Theorem 6.5. The graph Γ(n, λ, 2k) is semisymmetric whenever k = 3, and moreover, if k = 3 and λ 3 ≡ −1 mod n, then Γ(n, λ, 2k) is edge-regular, with cyclic vertex-stabiliser.
Proof. Let Γ = Γ(n, λ, 2k) and A = Aut(Γ). We know from Proposition 6.4 that Γ is semisymmetric whenever λ 3 ≡ −1 mod n, and hence in what follows, we will assume that λ 3 ≡ −1 mod n. The smallest value of n for which this happens is 21, with λ = ±2 or ±10 (in Z 21 ), and the next smallest n is 39, with λ = ±4 or ±10 (in Z 39 ). Note that n must be odd, for otherwise λ would be odd but then c k−1 = c 2 = 1 + λ 2 + λ 4 could not be 0 mod n. By considering 4-and 6-cycles that contain the edge {1 0 , 1 1 }, we will prove that the stabiliser A 1011 of the arc (1 0 , 1 1 ) is trivial, and then that the stabiliser A {10,11} of the edge {1 0 , 1 1 } is trivial, so that Γ is semisymmetric, and edge-regular.
But first, we will set some notation for later use. Define
These form a partition of V (Γ) into four subsets of size n, with H 0 = H 0c ∪ H 0d and H 1 = H 1c ∪ H 1d , and they are blocks of imprimitivity for R(H) ⋊ σ α,b on V (Γ), with σ α,b preserving each of H 0c and H 0d , and interchanging H 1c with H 1d . In fact both R(a) and σ 
, the neighbourhoods of the vertices 1 1 and 1 0 .
Next, the assumption that λ 3 ≡ −1 mod n implies that no power of λ is congruent to −1 mod n, and so the set {−λ j : 1 ≤ j ≤ 5} is disjoint from {λ j : 1 ≤ j ≤ 5}. It follows that the set Γ 2 (1 0 ) of vertices at distance 2 from 1 0 is the union of the following three disjoint sets:
Note that each of the vertices in U 1 and U 3 has only one common neighbour with 1 0 , while each of the vertices in U 2 has two common neighbours with 1 0 , and hence up to reversal there are only nine 4-cycles containing 1 0 , namely ( 
It follows that the stabiliser A 10 of the vertex 1 0 must preserve the set U 2 . Moreover, the arc-stabiliser A 1011 must permute the three edges {(ba dj ) 0 , (ba dj ) 1 } among themselves, as these are the only edges between vertices of Γ(1 1 ) and Γ(1 0 ) that lie in 4-cycles through 1 0 and 1 1 .
Therefore A 1011 preserves the subset Φ 1 of Γ(1 0 ) and its complement The situation is illustrated in Figure 2 . On the other hand, the vertex 1 0 lies in many 6-cycles, but it is not difficult to check that if n ≥ 39 then a 3-arc of the form (u 1 , 1 0 , 1 1 , w 0 ) with u 1 = (a ci ) 1 ∈ ∆ 1 \ {1 1 } and w 0 = (a −cj ) 0 ∈ ∆ 0 \ {1 0 } lies in no 6-cycle when i = j, and in just one 6-cycle ((a
Also in the smallest cases, where n = 21, this 3-arc lies in three 6-cycles when i = j, but only one 6-cycle when i = j. It follows that the arc-stabiliser A 1011 must preserve the set of two edges of the form {(a ci ) 0 , (a ci ) 1 } for i ∈ {0, 1}, and this sets up a pairing between the subsets ∆ 0 \ {1 0 } and ∆ 1 \ {1 1 }.
Thus we have a pairing between the five vertices of Γ(1 1 ) \ {1 0 } and the five vertices of Γ(
, 1}, such that A 1011 permutes the corresponding edges among themselves. By edge-transitivity, a similar thing holds for every edge in Γ.
It now follows that A 10 acts faithfully on Γ(1 0 ). For suppose g is an automorphism in A 10 that fixes every neighbour of 1 0 in Γ. Then g fixes 1 1 , and also fixes the partner in Γ(1 1 ) of every other vertex in Γ(1 0 ), and so fixes all of Γ(1 1 ). By edge-transitivity, the same argument applies to other neighbours of 1 0 , and it follows that g fixes every vertex at distance 2 from 1 0 . Then by induction and connectedness, we find that g fixes all vertices of Γ, and hence g is trivial.
Also the action of A 10 is imprimitive on Γ(1 0 ), with two blocks ∆ 1 and
of size 3, because if u 1 ∈ ∆ 1 ∩ ∆ g 1 for some g ∈ A 10 , then g must preserve the set of all vertices of Γ(1 0 ) that lie in 4-cycles containing the edge {1 0 , u 1 }, namely Φ 1 = {(ba di ) 1 : i ∈ Z 3 }, and hence also ∆ g 1 = ∆ 1 . Thus A 10 is isomorphic to a subgroup of the wreath product S 3 ≀ C 2 , so A 10 is a {2, 3}-group, of order dividing 72.
Next, let A * be the subgroup of A preserving the parts H 0 and H 1 of Γ, so that A * has index 1 or 2 in A. Then A * contains R(H) and A 10 , and since R(H) acts regularly on each part of Γ, it follows that A * is the complementary product R(H)A 10 of these two subgroups. If p is any prime divisor of |A * | such that p > 3, then p cannot divide |A 10 | and therefore p divides |R(H)| = |H| = 2n, so p divides n, and then since λ 4 + λ 2 + 1 ≡ 0 mod n, we find that p = 5, so p ≥ 7. Moreover, for every such p, the dihedral subgroup R(H) of order 2n has a unique Sylow p-subgroup P , which is then also a Sylow p-subgroup of A * and is normal in the subgroup R(H) ⋊ σ α,b of order 12n in A * . Hence the index of its normaliser in A * divides |A 10 : σ α,b |, which divides 72/6 = 12, and because p ≥ 7, it follows that P is normal in A * . The product of all such Sylow subgroups is therefore a (cyclic) normal Hall {2, 3}
′ -subgroup N of A * .
We can use this fact to prove that A 10 preserves the set H 0c (of all vertices of the form (a i ) 0 ), and that A 1011 preserves the set H 1c (of all vertices of the form (a j ) 1 ). Before doing that, observe that σ α,b preserves H 0c , and that A 10 = A 1011 , σ α,b , since σ α,b fixes 1 0 and acts regularly on Γ(1 0 ). Hence all we need to do is prove that A 1011 preserves both H 0c and H 1c .
If n is coprime to 3, then the normal subgroup N of A * must be the cyclic subgroup generated by R(a), and the four sets above are its orbits, which are therefore blocks of imprimitivity for A * on V (Γ), and so A 1011 preserves both H 0c and H 1c .
On the other hand, suppose n ≡ 0 mod 3. Then n ≡ 0 mod 9 (since λ 4 + λ 2 + 1 ≡ 0 mod n), and it follows that n = 3|N |, and N is the cyclic subgroup generated by R(a) 3 , and
, and by our earlier observations, x preserves the set ∆ 1 \ {1 1 } = {(a c0 ) 1 , (a c1 ) 1 }, and hence also preserves the set U 1 = {(a ℓ ) 0 : ℓ ∈ {±1, ±λ 2 , ±λ 4 }} of certain vertices at distance 2 from 1 0 . It follows that
and thus A 1011 preserves H 0c . Similarly, every x ∈ A 1011 must preserve the set Φ 1 = {(ba di ) 1 : i ∈ Z 3 }, and hence also preserve the set U 3 = {(a ℓ ) 0 : ℓ ∈ {±λ, ±λ 3 , ±λ 5 }}, and then since λ is a unit mod n we have λ ≡ ±1 mod 3, and so a
and then since also (1
, we find that A 1011 preserves H 1c , as required. Now let X be the subgraph of Γ induced on all vertices in H 0c ∪ H 1c and let Y be the subgraph induced on all vertices in H 0c ∪ H 1d . Then each of X and Y is a trivalent bi-Cayley graph over the cyclic group a ∼ = C n ; indeed clearly X is the graph BiCay( a , ∅, ∅, {a
Also the subgroup of A generated by R(a) and σ 2 α,b acts transitively on the edges of both subgraphs. Hence each is a connected edge-transitive bi-Cayley graph over the cyclic group a ∼ = C n , and so by Proposition 4.1 each of them is arc-transitive, and then since n ≥ 21, it follows from Corollary 4.5 that each of X and Y is 1-arc-regular.
We saw above that the arc-stabiliser A 1011 preserves H 0c and H 1c , and it follows that A 1011 preserves H 0d and H 1d as well. Hence A 1011 induces a group of automorphisms of each of X and Y . Then since X is arc-regular, and A 1011 fixes the arc (1 0 , 1 1 ) of X, we find that A 1011 acts trivially on X. In particular, A 1011 fixes all the vertices (a i ) 0 that are common to X and Y , including the vertices in ∆ 1 = {(a ci ) 1 : i ∈ Z 3 }, and it follows that A 1011 fixes all the vertices in Φ 1 = {(ba di ) 1 : i ∈ Z 3 }, each of which lies in a unique 4-cycle with 1 0 and a given vertex of ∆ 1 . (Indeed A 1011 acts trivially on Y .) Hence the subgroup A 1011 of A 10 acts trivially on ∆ 1 ∪ Φ 1 = Γ(1 0 ), and so A 1011 itself is trivial.
In particular, every automorphism of Γ is uniquely determined by its effect on 1 0 and 1 1 . Also we now find that A 10 = A 1011 , σ α,b = σ α,b , which has order 6, so A * = R(H)A 10 = R(H) ⋊ σ α,b , which has order 12n. Consequently the index 4 normal subgroup M = R(a), σ 2 α,b of A * has odd order 3n, and is therefore a characteristic subgroup of of A * . Moreover, since R(a)
we know that R(a) σ α,b = R(a λ ) = R(a) λ , and so conjugation by σ 2 α,b induces an automorphism of R(a) of order 3, centralising the 3-part of R(a) because this has order at most 3. It follows that J = R(a) is the only cyclic normal subgroup of order n in M , and J is therefore characteristic in both M and A * .
We complete the proof by using these facts to show that the edge-stabiliser A {1011} is trivial. If that is not the case (so that Γ is arc-transitive), then the latter subgroup has order 2, and is generated by an automorphism θ that swaps the vertices 1 0 and 1 1 . Moreover, from our earlier observations, we know that θ must preserve the subsets and induces the 6-cycle
. In fact j = ±1, since σ α,b and σ α,b R(b) have order 6, and then it follows that
). In particular, θ conjugates the involution σ 
, we find that θ centralises R(ba λ ), and so R(ba
Both of these cases are impossible, however, since λ ≡ 0 and λ 2 ≡ 1 mod n.
Hence no such θ exists, and therefore Γ is semisymmetric and edge-regular.
The graphs G(n, λ, k) with k = 6 investigated above provide the answers to two open questions. For non-empty subsets S 00 , S 01 , S 10 and S 11 of Z n , define X = T (S 00 , S 01 , S 10 , S 11 ) as the graph with vertex set Z n × Z 2 × Z 2 , and edges all pairs of the form {(x, 0, i), (y, 1, j)} where i, j ∈ Z 2 and y − x ∈ S ij . The translation mapping t → t+1 on Z n clearly induces a semi-regular automorphism of X of order n, with four cycles on V (X). Any graph admitting a semi-regular automorphism π with four cycles on vertices is called an (n, π)-tetracirculant. Such graphs were considered in a 2001 paper [42] by Marušič and Potočnik, who showed that every semisymmetric (n, π)-tetracirculant is isomorphic some T (S 00 , S 01 , S 10 , S 11 ). Also if S 00 = S 01 = R and S 10 = S 11 = T , then T (R, R, T, T ) is called a generalised Folkman tetracirculant. We can now give the answer "Yes" to both questions. For suppose X = T (R, R, T, T ) is a semisymmetric generalised Folkman tetracirculant. Then the vertices (0, 0, 0) and (0, 0, 1) have exactly the same neighbours in X, namely all the vertices (y, 1, j) with j ∈ Z 2 and y ∈ R ∪ T , and so there exists an automorphism of X that swaps (0, 0, 0) with (0, 0, 1) and fixes all others. In particular, this implies that X can not be edge-regular.
But now every bi-dihedrant BiCay(D n , ∅, ∅, S) is a tetracirculant, admitting the natural cyclic subgroup R(C n ) as a group of automorphism with four orbits. In particular, every bi-dihedrant Γ = Γ(n, λ, 6) considered above with λ 3 ≡ −1 mod n is a semisymmetric (n, π)-tetracirculant, and furthermore, the four orbits H 0c , H 0d , H 1c , H 1d of the semi-regular cyclic subgroup R(a) of its automorphism group Aut(Γ) are blocks of imprimitivity for R(H) ⋊ σ α,b = A * = Aut(Γ). On the other hand, by Theorem 6.5, every such Γ is edge-regular, and so Γ cannot be a semisymmetric generalised Folkman tetracirculant.
6.4. Proof of Theorem 1.5. Combining Theorem 6.1, Proposition 6.4 and Theorem 6.5 together gives a proof of Theorem 1.5. Note that the graphs in Theorem 6.5 are worthy, because every unworthy graph is not edge-regular, by the same argument as given in the penultimate paragraph of the previous subsection.
6.5. Edge-regular bi-dihedrants of valency 6. Here we give a classification of all 6-valent edge-regular semisymmetric bi-Cayley graphs over a dihedral group D n of odd degree n. We begin as follows: Lemma 6.6. If Γ is a connected 6-valent bi-Cayley graph over the dihedral group H = D n of order 2n, where n is odd, and Γ is both semisymmetric and edge-regular, then R(H) is normal in A = Aut(Γ), and the stabiliser in A of the vertex 1 0 is cyclic of order 6.
Proof. Let a and b be generators for H satisfying the usual relations a n = b 2 = 1 and bab = a −1 , and let J be the subgroup of A = Aut(Γ) generated by R(a). Then the orbits of J are the four subsets H 0c , H 0d , H 1c and H 1d defined in the proof of Theorem 6.5. Also note that Γ is bipartite, and since Γ is 6-valent and edge-regular, we have |A 10 | = |A 11 | = 6 and A = R(H)A 10 , so |A| = 12n.
We begin by proving that if J = R(a) is a normal subgroup of A, then J is self-centralising in A. Note that conjugation of J gives a homomorphism from A to Aut(J), which is abelian since J is cyclic, and J is contained in the kernel C = C A (J), so A/C is abelian, of order dividing |A/J| = 12. On the other hand, the involution b does not centralise a, so |A/C| is even, and therefore |C| = n, 2n, 3n or 6n.
Suppose |C| = 3n or 6n. Then |A/C| = 4 or 2, so every Sylow 3-subgroup of A is contained in C. Let P be any one of them, and take M = JP . This contains J as a central subgroup of order n, so |M | = 3n, which is odd, and therefore M preserves the bipartition of Γ. Also M/J is the only subgroup of C/J of order 3 (since |C/J| = 6 or 3), so M is normal in A. Moreover, since both J ∩ M 10 and J ∩ M 11 are trivial, we find that M = J × M 10 = J × M 11 ∼ = C n × C 3 , and hence M is abelian. Now let N = M 10 , M 11 . Then N is abelian, and isomorphic to C 3 × C 3 since Γ is edge-regular, and also N is characteristic in M and hence normal in A, and therefore N contains the stabiliser of of every vertex of Γ. It follows that every orbit of N on V (Γ) has length 3. In particular, the neighbourhood Γ(1 0 ) of the vertex 1 0 is the union of two such orbits, namely ∆ 1 = 1 N 1 and Φ 1 = x N 1 for some x ∈ H \ a . This, however, implies that if h 0 is any other vertex of ∆ 0 = 1 N 0 , then every edge incident with h 0 lies in the same orbit under N as {1 0 , 1 1 } or {1 0 , x 1 }, so 1 0 and h 0 have exactly the same neighbours, and therefore Γ is unworthy, so cannot be edge-regular. (Indeed Γ ∼ = K 6,6 .) Thus |C| ≤ 2n.
Next, suppose |C| = 2n. Then C is generated by J and an involution that centralises J, so C is cyclic. It follows that C cannot act regularly on both H 0 and H 1 , for otherwise Γ would be a bi-Cayley graph over C 2n , and by Proposition 4.1 it would be vertex-transitive and hence arc-transitive, so not edge-regular. Without loss of generality, C does not regularly on H 0 , and then the vertex-stabiliser C 10 is a non-trivial characteristic subgroup of C and therefore normal in A, so fixes every vertex of H 0 . It follows that C 10 is semi-regular on H 1 , with orbits of length 2. But then the two vertices in each orbit of C 10 on H 1 have exactly the same neighbours, and therefore Γ cannot be edge-regular, another contradiction.
Hence the only possibility is that |C| = n, in which case J = C = C A (J).
We now proceed to use similar arguments to show that R(H) ⊳ A. To do this, we let K be the core of R(H) in A. Now since |A : R(H)| = |A 10 | = 6, we see that A/K is isomorphic to a subgroup of S 6 , and then R(H)/K is isomorphic to a subgroup of S 5 , but also R(H)/K is a quotient of the dihedral group R(H) ∼ = D n of twice odd order, so the only possiblilities are {1}, C 2 , D 3 and D 5 .
If R(H)/K ∼ = C 2 , then since R(H) is dihedral of twice odd order, we have K = J = R(a) ∼ = C n , and so A/K = A/J = A/C A (J), which is abelian, but then R(H)/K ⊳ A/K, so R(H) ⊳ A, contradiction.
Also if R(H)/K ∼ = D 5 , then A/K has order 60 and is a product of D 5 and A 10 ∼ = C 6 , and hence is soluble. Some elementary group theory then shows that A/K has a normal Sylow 5-subgroup, but then since |A : J| = 12 this Sylow 5-subgroup must be J/K, and so J ⊳ A, contradiction.
Next, suppose that R(H)/K ∼ = D 3 . Then clearly K = R(a 3 ) , and A/K has order 36 and is a product of D 3 and A 10 ∼ = C 6 . In particular, J = R(a) ≤ C A (K), but also J is not normal in A, for otherwise K = core A (R(H)) would contain J, and so J = C A (K), and therefore |C A (K)| is a proper multiple of n, dividing |A| = 12n. If |K| = 1 then R(H) ∼ = R(H)/K ∼ = D 3 and it follows that 2n = |H| = 6 and Γ ∼ = K 6,6 , again contrary to the assumption that Γ is edge-regular. Thus |K| > 1. Also |K| = |R(H)|/6 = n/3, so |K| is odd, and therefore K = R(a 3 ) cannot be centralised by R(b), which in turn implies that |C A (K)| divides |A|/2 = 6n. On the other hand, |C A (K)| = 2n, for otherwise J would be a normal Hall 2 ′ -subgroup of C A (K), and hence characteristic in C A (K) and normal in A. Thus |C A (K)| = 3n or 6n. Moreover, |C A (K)/K| is either 3n/(n/3) = 9 or 6n/(n/3) = 18. Now let P be a Sylow 3-subgroup of C A (K), and let M = KP . Then M/K = KP/K is a Sylow 3-subgroup of C A (K)/K, so |M/K| = 9, and hence is normal in C A (K)/K, and therefore characteristic in C A (K)/K, and hence normal in A/K. (In fact M/K ∼ = C 3 × C 3 , because A is the product of the complementary subgroups R(H) and A 10 , with |A 10 | = 6.) Thus M is a normal subgroup of A, of order 9|K| = 3n. Also J/K (of order 3) must be contained in M/K, so R(a) = J ≤ M . Consequently, just as before, we find that every orbit of M on V (Γ) is one the four orbits H 0c , H 0d , H 1c and H 1d of J. Also the induced subgraph X on H 0c ∪ H 1c is a 3-valent bi-Cayley graph over a ∼ = C n , on which M acts edge-transitively, with
Also we note that X is connected. For suppose C is a component of X, with parts 
y are isomorphic to C, and contain edges from H 00 to H 1d and from H 0d to H 1c , while the induced subgraph on C 
0 is connected and 6-valent, so must be Γ, and therefore C = X. This means we can apply Corollary 4.5 to X, and conclude that n divides ℓ 2 + ℓ + 1 for some ℓ ∈ Z n , and hence that n is not divisible by 9. It follows that the 3-part of |C A (K)| is 9, so |P | = 9, and therefore P is abelian. Hence also M = KP is abelian, and in particular, M centralises J. Again, however, this implies that the stabiliser of every vertex of Γ is a subgroup of N = M 10 , M 11 ∼ = C 3 × C 3 , and so Γ is unworthy, which contradicts edge-regularity.
Thus R(H)/K is not isomorphic to D 3 , so must be trivial, and we find R(H) = K ⊳ A, as required. Finally, since J = R(a) is characteristic in R(H), it follows that J ⊳ A, and then A/J = A/C A (J), which is abelian, and so A 10 ∼ = A/R(H) is abelian, of order 6, and therefore cyclic.
We can now give and prove the main theorem in this subsection.
Theorem 6.7. Let Γ = BiCay(H, ∅, ∅, S) be a connected 6-valent bi-Cayley graph over the dihedral group H = D n of order 2n. Then Γ is semisymmetric and edge-regular if and only if Γ ∼ = Γ(n, λ, 6) for some integer λ satisfying λ 6 ≡ 1 mod n and 1 + λ 2 + λ 4 ≡ 0 mod n but λ 3 ≡ −1 mod n.
Proof. First, if Γ ∼ = Γ(n, λ, 6) where λ 3 ≡ −1 mod n, then by Theorem 6.5 we know that Γ is edge-regular, so it remains to prove the converse. So suppose Γ is semisymmetric and edge-regular, and let A = Aut(Γ).
By Proposition 2.1, up to graph isomorphism we may assume that S generates H, and contains the identity element of H, so that 1 1 ∈ {s 1 : s ∈ S} = Γ(1 0 ). Also by Lemma 6.6 we know that R(H) A and A 10 ∼ = C 6 , and so by Proposition 2.2, we may take A 10 = σ α,v for some α ∈ Aut(H) and v ∈ H. Now σ α,v takes 1 1 to v 1 , so σ 
In particular, since these elements have to generate H, we find that v cannot lie in the maximal cyclic subgroup C n of H = D n , so must be an involution. Next, let u be any generator of the subgroup C n , and suppose that α takes u to u λ , and v to vu j , where λ ∈ Z * n and j ∈ Z n . Then it is easy to see that
and also that 1 1 = 1
4 ) = 1. Moreover, since S generates H, we see that j must be a unit mod n, so u j has order n, and therefore 1 + λ 2 + λ 4 ≡ 0 mod n. It follows that 1 − λ 6 = (1 − λ 2 )(1 + λ 2 + λ 4 ) ≡ 0 mod n, and so λ 6 ≡ 1 mod n. Also λ 2 ≡ 1 mod n, for otherwise 0 ≡ 1 + λ 2 + λ 4 ≡ 3 mod n, which implies n = 3, but then Γ ∼ = K 6,6 , which is arc-transitive. We can now take a = u j and b = v as our canonical generators for H = D n , and with these we have S = {1, b, a, ba λ , a 1+λ 2 , ba λ+λ 3 } = S(n, λ, 6). Also λ 3 ≡ 1 mod n, for otherwise 1 1 and (ba λ ) 1 have the same neighbours, and so Γ is unworthy and hence cannot be edge-regular. Similarly λ 3 ≡ −1 mod n, for otherwise 1 0 and (ba λ ) 0 have the same neighbours, and again Γ cannot be edge-regular. Thus λ 6 ≡ 1 mod n and 1 + λ 2 + λ 4 ≡ 0 mod n but λ 3 ≡ 1 mod n, and Γ ∼ = Γ(n, λ, 6), as required.
Tetravalent half-arc-transitive bi-p-metacirculants
In this final section, we consider tetravalent half-arc-transitive graphs that are constructible as normal edge-transitive bi-Cayley graphs over metacyclic p-groups. One motivation for this comes from some work of Bouwer [9] in 1970. Bouwer confirmed Tutte's question [49] about the existence of half-arc-transitive graphs with even valency at least 4, and the smallest graph in his family is a bi-Cayley graph over a nonabelian metacylic group of order 27. Another motivation comes from the literature on half-arc-transitive metacirculants of prime-power order. An (m, n)-metacirculant is a graph Γ of order mn which admits an automorphism σ of order n such that σ is semi-regular on V (Γ), and an automorphism τ normalising σ such that τ has a cycle of size m on V (Γ) and cyclically permutes the m orbits of σ .
Metacirculant graphs were introduced by Alspach and Parsons [1] , and have many interesting and important properties. A graph is called a weak metacirculant if it admits a metacyclic group of automorphisms acting transitively on vertices. It is easy to see that every metacirculant is a weak metacirculant, and in 2008, Marušič andŠparl [43, p.368] asked whether the converse is true or false.
In a recent paper, Li, Song and Wang [32] claimed to prove that the converse is false, in a theorem stating that every non-split metacyclic p-group with p an odd prime acts transitively on the vertices of some half-arc-transitive 4-valent graph that is a weak metacirculant but not a metacirculant. Unfortunately they made a mistake in the first paragraph of their proof of Theorem 1.3 in [32] , and that theorem is incorrect, as we will see from Theorem 7.2 below.
Nevertheless it is still true that not every weak metacirculant is a circulant. In fact, the 6-valent biCayley graph on the cyclic group C 28 that we gave in Example 4.3 is a half-arc-transitive graph of order 56 that is a weak metacirculant (with the subgroup C 7 × Q 8 of its automorphism group being also a non-split extension of C 4 by C 14 ), but not a metacirculant -as can be confirmed by an easy computation, with the help of Magma [7] if necessary. Two other examples of order 800 have also been found very recently byŠparl and Antončič [2] , in the census of all 4-valent half-arc-transitive graphs up to order 1000 created by Potočnik, Spiga and Verret [47] . An infinite family of 6-valent examples (generalising Example 4.3) will be constructed in [56] , using the methods developed in the current paper.
For the remainder of this section, we let p be an odd prime. Also we need some additional background. If G is a metacyclic group, then every subgroup H of G is also metacyclic (for if M is a normal cyclic subgroup of G such that G/M is cyclic, then H ∩ M is a cyclic normal subgroup of H, and similarly H/(H ∩ M ) ∼ = HM/M is cyclic). For any group G, the unique minimal normal subgroup N of G such that G/N is a p-group is denoted by O p (G). Also if G has a normal p ′ -subgroup C such that G = P C for some Sylow p-subgroup P of G, then C is called a normal p-complement in G. Now let G be any finite group having a nonabelian metacyclic Sylow p-subgroup P . Then by a theorem of Sasaki [48, Proposition 2.1], we find that
, and moreover, if N G (P ) has a normal p-complement, then so does G. Then by another theorem of Sasaki [48, Proposition 2.2] and a theorem of Lindenberg [34] , on automorphisms of split and non-split metacyclic p-groups (respectively), we obtain the following: Proposition 7.1. Let G be a finite group having a nonabelian metacyclic Sylow p-subgroup P . If P is non-split, then G has a normal p-complement. On the other hand, if P is split, and therefore a semidirect product K ⋊ Q of cyclic p-groups, then either G has a normal p-complement, or P has an automorphism
We use Proposition 7.1 to study tetravalent half-arc-transitive metacirculants of prime-power order.
Theorem 7.2. Let Γ be a connected 4-valent half-arc-transitive graph of order p n for some odd prime p. Then Γ is a weak metacirculant if and only if Γ is a metacircuant.
Proof. Clearly we need only prove necessity. So let G be a metacyclic subgroup of A = Aut(Γ) that acts transitively on V (Γ), and let P be a Sylow p-subgroup of G. Then P is metacyclic. On the other hand, since Γ is half-arc-transitive and 4-valent, the stabiliser A v of any vertex v ∈ V (Γ) is a 2-group, and hence p cannot divide |G v |. Then because |P | = p n = |V (Γ)|, we find that P is regular on V (Γ), and therefore Γ is an edge-transitive Cayley graph for P . In particular, P is non-abelian, for otherwise the inversion automorphism of P gives an arc-reversing automorphism of Γ, which is impossible since Γ is half-arc-transitive. Moreover, P is a Sylow subgroup of A, complemented by the Sylow 2-subgroup A v . On the other hand, A v is not normal in A, for otherwise A v would fixe every vertex of Γ, so A v would be trivial, but then Γ could not be edge-transitive. Thus A has no normal p-complement, and it follows from Proposition 7.1 (applied to A rather than G), that P is a split metacyclic group, and the Cayley graph Γ for P is a metacirculant.
As well as contradicting Theorem 1.3 in [32] , the above proof shows that a tetravalent half-arc-transitive weak metacirculant of odd prime-power order is a Cayley graph for a split metacyclic p-group. Hence we may call a tetravalent half-arc-transitive Cayley graph for a metacyclic p-group a p-metacirculant. Analogously, we define a bi-p-metacirculant to be a bi-Cayley graph over a metacyclic p-group.
The next theorem shows that most tetravalent vertex-and edge-transitive bi-Cayley graphs over nonabelian metacyclic p-groups are normal. To prove it, we need the concept of a quotient graph. If G is a group of automorphisms of a graph Γ, and N is a normal subgroup of G, then the quotient graph of Γ relative to N is defined as the graph Γ N whose vertices are the orbits of N on V (Γ), and with two orbits adjacent if there exists an edge in Γ between vertices in those two orbits. Theorem 7.3. Let Γ be a connected tetravalent bi-Cayley graph over a non-abelian metacyclic p-group H, where p is an odd prime, and suppose R(H) is a Sylow subgroup of a subgroup G of Aut(Γ) that acts transitively on both the vertices and the edges of Γ. Then H is a split metacyclic group, and R(H) is normal in G. Moreover, if p > 3 then R(H) is normal in Aut(Γ), and so Γ is a normal bi-Cayley graph.
Proof. We begin by noting that |V (Γ)| = 2|H| = 2p n , where n ≥ 3 because H is non-abelian. Also Γ is vertex-transitive and and edge-transitive (by the hypothesis on G), and therefore Γ is either arc-transitive or half-arc-transitive. Then since the valency of Γ is 4, the stabiliser A v in A = Aut(Γ) of any vertex v of Γ is a group of order 2 c 3 or 2 c for some c, and accordingly |A| = |V (Γ)||A v | = 2 c+1 p n or 2 c+1 3p n , depending on whether or not Γ is 2-arc-transitive. In the latter case, A is a {2, p}-group, and therefore soluble (by Burnside's p α q β theorem). The analogous property holds for the subgroup G of A, and so either G acts transitively on the 2-arcs of Γ, or G is a {2, p}-group, and therefore soluble. Now suppose G has a normal p-complement, say Q. Then the product QG v is a p ′ -group, which must also be complementary to R(H), so |QG v | = |G : R(H)| = |Q| and therefore G v ≤ Q. Then since Γ is 4-valent and G-edge-transitive and G-vertex-transitive, the quotient graph Γ Q is either 1-valent or 2-valent, and hence is a cycle or K 2 , so Aut(Γ Q ) is cyclic or dihedral. But Q is the kernel of the action of G on V (Γ Q ), so R(H) ∼ = R(H)Q/Q ≤ G/Q ≤ Aut(Γ Q ), and hence this cannot happen.
Thus G has no normal p-complement, and so by Proposition 7.1 (again applied to G), it follows that H is a split metacyclic group.
Next, we show that R(H) ⊳ G. This is a little complicated, so we assume there is a counter-example, and proceed in several steps to show that cannot happen.
Step 1. We prove that G has no non-trivial normal 2-subgroup.
Suppose G has a non-trivial normal 2-subgroup N . Then the quotient graph Γ N has valency 2 or 4. If its valency is 2, then Γ N is a cycle of order p n , but then R(H) cannot act faithfully on Γ N (because the p-subgroup R(H) is non-cyclic), and so Γ N must have valency 4. Now if v is any vertex of Γ, then v and its four neighbours lie in five different orbits of N , so N v must fix each neighbour of v. By connectedness, orbits on V (Γ). But also C L (M ) = L ∩ C G (M ) ⊳ G, and so C L (M ) is semi-regular on V (Γ). In particular,
The second family can be handled in a similar way, but it differs from the first one at a few points. where λ is a square root of −1 in Z p 2 , and let H p = BiCay(H, ∅, ∅, T ) where T = {1, a, a s b 2 , a 1−s b 2 }. Then H p is a 4-valent half-arc-transitive bi-p-metacirculant over C p 2 ⋊ 1+p C p , but is not a Cayley graph, for all p.
Proof. Let α be the automorphism of H taking (a, b) 1 0 ) , and therefore G = R(H), σ α,a , δ β,a s b 2 ,1 acts transitively on the edges of H p . Also p is at least 5, and H p is 4-valent, so the stabiliser G v of any vertex is a {2, 3}-group, and it follows that R(H) is a Sylow p-subgroup of G, and then by Theorem 7.3, that R(H) is normal in Aut(H p ).
Now suppose H p is arc-transitive. Then since R(H)⊳ Aut(H p ), also H p is normal locally arc-transitive, and hence by Proposition 3.3, there exists an automorphism γ of H that takes S to S −1 . This time the non-trivial elements u = a, v = a s b 2 and w = a 1−s b 2 in S (which all have order p 2 ) satisfy vw −1 = u 2s−1 , and it is a relatively straightforward exercise to prove that no permutation of the inverses of those elements satisfies the analogous relation. In fact, each of v −1 wu 2s−1 and w −1 vu 2s−1 is a non-trivial power of a, while in the other four cases, the relevant product lies outside a . Hence H p is not arc-transitive, and is therefore half-arc-transitive.
Next, if the stabiliser in H p of the edge {1 0 , 1 1 } is non-trivial, then it must contain σ γ,1 for some non-trivial automorphism γ of H that preserves S. But a similar exercise to the one above shows that no non-trivial permutation of the elements u, v, w defined above satisfies the analogue of the relation vw −1 = u 2s−1 ; in fact wv −1 u 1−2s is a non-trivial power of a, while in the other four cases, the relevant product lies outside a . Hence no such γ exists, and therefore H p is edge-regular.
Finally, let δ be the automorphism δ β,a s b 2 ,1 of H p referred to earlier. It is easy to check that δ 2 takes 1 0 to (a s−1 b 2 ) 0 , and 1 1 to (a s b 2 ) 1 , so that δ 2 has the same effect on as H p as σ α,a R(a s−1 b 2 ). Since R(H) is normal in A with index 4 but does not contain σ α,a , it follows that the quotient A/R(H) is cyclic of order 4, generated by the image of δ. In particular, A has a unique subgroup of index 2 (and order 2p
3 ), namely R(H), δ 2 = R(H), σ α,a . This subgroup preserves the two parts H 0 and H 1 of H p , however, so does not act transitively on vertices, and therefore H p cannot be a Cayley graph.
Proof of Theorem 1.6. The first part of this theorem was proved in Theorem 7.3, and the rest follows from Lemmas 7.4 and 7.5. 
